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Lagrangian coherent structures and trajectory divergence rate

Initial condition

Lagrangian coherent structures
(LCS) are distinguished surfaces of
trajectories in a dyn. syst. that
exert a major influence on nearby
traj. over a time interval of interest.
[wikipedia]

"

INNR19]: the trajectory divergence rate is a scalar field which
locally gives the instantaneous attraction/repulsion of
adjacent trajectories. It may be used:

* to find attracting or repelling invariant manifolds,
* to rapidly approximate hyperbolic LCS, or
* to provide the local stability of invariant manifolds. 1



PLAN

LC analysis done via standard rates of local stability in
the moving tangential-normal reference frame

We plan to show here: LC analysis also possible with
OSL in the fixed reference frame

— non-standard rate of local stability

Van der Pol, Brusselator examples

Extension to reaction-diffusion equations
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Ordinary Differential Equation (ODE)

dy/dt = f(y) f field vector
y(0) =y, initial condition

Here: f : R?-> R? vector function with y:(u,v)
du/dt = f(u,v)
dv/dt = g(u,v)
(u(0),v(0)) = (ug,v,)

Assumption: solution exists & unique (suff cond: f Lipschitz)

We suppose given an invariant (convex) domain S:
v(0)inS=> y(t)inS for all t



l. One-sided Lipschitz (OSL) constants



Lipschitz constant L

* GivenadomainD: L=sup,,,p [fly)-f(z)| / |y-z|
NB: if D convex, L=sup,;,, |Jy| wherelisthe Jacobian matrix aty

* Given two sols y and z (for initial cond. y,, z,),

|y(t) - Z(t)l <elt |yo_ Zol
growth bound too large for stiff”” equations

& Lozinskii (1959) and ¥ Dalquist (1959) :

-> one-sided (or logarithmic) Lipschitz constant



One-Sided Lipschitz (OSL) constant

Given adomain D

A=sup,., .o < fly) —f(z), y - 2 >/ |y-z|°
where <., . > is the scalar product

new growth bound: given two solutions y and z
y(t) = z(t)| < e yyz,|

© A<l
£ Amaybe<0!

when A <0 on D, the system is said to be dissipative on D

when A £0, indication of local contraction ?
when A >0, indication of local expansion ?



Equivalent definition of A using Jacobian [Amizare-Sontag 2013]

logarithmic norm (of Jacobian) definition:
A=5SUp g1 inp 1M p3e /0 ([y+hlyl[-1)

where J is the Jacobian matrix of f at y=(u,v), ie:

f (uyv) f(u,v)
g (uv) g/luyv)

NB: If D convex, A=supyinovoy /1yl y'ly



Il. Standard local stability and limit cycles (LC)



Local stability towards perpendicular perturbations

! [Ali-Menzinger99] :
The analysis of the response of a dyn.
system to normal perturbations is
significantly clearer in the moving
tangential-normal reference frame of
the figurative point traveling along LC,
FIG. 3. The moving reference frame (tn). The ungent ietion s svensy. LAAIN I fixed frame of original system.

the vector ({8) while the perpendicular one is given by (2 f) where f(x.y)
and g(x,y) are defined by Eq. (10).

Reference trajectory: normal direction given by (g, -f)’.

p°=n"In= 1/(f+g?) (f2g, +g?f,—fg(f,+g))
represents the rate of convergence normal to the flow

whereas A =SUpP -1 Aly] (in the fixed frame) with y:(u,v)
AMyl=y"Jy= 1/(u*+v?) (u?f +vig +uv(f,+g)) ~
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Fig. 3 The phase portrait (top) and trajectory divergence rate field (bottom) for Examplem

linear saddle flow repels traj. from y-axis and attracts them to x-axis

traj. converging for x* > y?; diverging for y? > x?; parallel when y = x (white)

system unit normal vector Jacobian local divergence rate
dx/dt = x n=1/V(x%+y?) (y,x)’ J=1 0 pe  =y2-x2/ (x2+y?)
dy/dt=-vy 0 -1
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p° rate of expansion/contraction of the vector field [Nave-Nolan-Ross 19]

N\

>

-

Fig 4 Schematic of the physical imterpretation of the trapctory divergence rate p. Negative values indicale converging trajectonies while positive
values mdicate divergmg trajectones.

« p°” measures the effect along direction n for a perturbation applied
along direction n wrt the figurative point traveling along LC.

« p° measures also the instantaneous attraction/repulsion of nearby
trajectories.

« p° useful to analyze the local stability of trajectories.
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Application to limit cycles (LC) [AM99]

TN T\

X X

FIG. 2. (a) Conventional view of an orbitally stable limit cycle. (b) View of
an orbitally stable limit cycle composed of locally stable and locally un-
stable phases.

13



W A Simple Limit Cycle  [S. de Buyl 19] (case a)

» Consider .
7‘27“(1—7“2), 0 =1.

» Treat Eq.1 as 1D vector field.
Fixed points: r* = 0 (unstable), »r* =1 (stable).

» All trajectories spiral asymptotically toward limit cycle (r = 1).

» Solution (outside) settles down to sinusoidal oscillation
(limit cycle solution z(t) = cos(t + 6p)).
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B _Van Der Pol Oscillator [S. de Buyl 19] (case b)

» Consider
P4 p(z?—1)+z =0, > 0.

(nonlinear electrical circuits used in first radio)

» Simple harmonic oscillator, with nonlinear damping
(positive damping for |z| > 1, negative damping for |z| < 1).

» Unique limit cycle for each p > 0: self-sustained oscillation
where energy dissipated over 1 cycle balances energy pumped in.

x

e WANAWAN
A VavAva N

Figure 7.1.4 -3



p~ along the limit cycle of Van der Pol (case b) [NNR19]
p
20
.
s '10
~1.0 T T T T T <20

dx/dt = 1/ (y + x - x3) a dx/dt=1/e (y + x - % x3)
dy/dt = - x or dy/dt =0.2 - x - 0.75y

The cycle is attracting for most of its space (p°<0), but by moments,

when moving across the fold point to the opposite stable branch, traj. is
normally repelling (p° >0)

1.0

NB: slow dynamics occur along a slow manifold near y =-x+x3. %



Local stability of a VAP LC using rate p° [AM99]

A phase portrait of LC (with x and y nullclines) showing the unstable
phase p°>0 wrt perpendicular perturbations by the dotted lines.

p°>0 if: -0.75(y+x-%5 x3) + (0.2-x-0.75y)2(1-x2) > O
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€ What if we replace p°® with A ?

) A defined in fixed reference frame

A\ easy to calculate using
nonlinear programmig tool (Yalmip or scp)
or even analytically (for n=2)

A>0 # p°>0
$ distinct (in)stability regions

18



Van der Pol: decomposition of S into S~ (A<0) and S* (A >0)

dx/dt =10 (y + x - % x3) J=  10(1-x2) 10
dy/dt =b, - x - 0.75y -1 -0.75

J(x,y)" = (10(1-x?)x + 10y, —x—0.75y)T
(x,y)J (x,y)T=-0.75y? + 9 xy + 10(1-x?)x?
sgn(\) =sgn [ - 0.75 y?+ 9xy + 10(1-x?)x? ] A =x?(111 - 30x?)

A=0 iff -1.92<x<1.92 A y=x(61+2% V(111-30x?))

A>0 iff -1.92<x<1.92 A VYV between curves
y=x(6%2%V(111-30x?))

19
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by=0.2
Van der Pol: decomposition
of S into S7(A<0) and S*(A >0)

A>0 iff -1.92<x<1.92
A Y between curves
y=x(6%2%V(111-30x?))

decomposition with rate p°

p°>0 on dotted lines

p°>0 if:
-0.75(y+x-%5 x3)+(0.2—x—0.75y)2(1—x220) >0



Evolution of LCas b, 7

0.00

—0.25 A

b,=0.470965047
near the saddle-node (SN) bifurcation
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—1.00 A
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b,=(v2)/3=0.471

at SN bifurcation: LC collides with
repelling fixed point = (0.97,-0.66)
and disappears.
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1D Brusselator example

du/dt = A + u?v — (B+1)u
dv/dt = Bu — u?v

Analytic computation of S~ (A <0) and S* (A >0)

J: 2uv - (B+1) u?
B-2uv —u?

A= SUP (v} in D\(0} (u,v) J (u,v)’

A=supvinovey U/urv? o ((3u+B)v—(3v>+B+1)u)
A=0 if : -3uv?+(3u?+B)v—-(B+1)u=0

A = 9u*-6(B+2)u?+B?

A>0if: (u<vVo, V Vo,< u) A vbetween curvesv =1/6u (3u’+B + VA)

with ©,:= %4((B+2)-2VA), ©,:= 7% ((B+2) +2VA) 22



Brusselator: decomposition of S into S~ (A<0) and S* (A >0)

X = 0.6

4.0 -

3.5

3.0 -

2.5 A

2.0 A

1.5 -

1.0

0.5 A

0.5 1.0 1.5 2.0 2.5 3.0
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Decomposition of S into S~ (A<0) and S*(A>0)
for Van der Pol and Brusselator

requires no time-integration,
no initial condition

depends on Jacobian of f only

Computable using nonlinear programming solver

(YALMIP of MATLAB, SQP of OCTAVE)

sign can be found analytically

24



I1l. Application of A to LC Analysis

25



ldea: situate LC wrt S"and St

the part of LC belonging to S~ (A <0) is locally attractive
(convergence of nearby trajectories wrt fixed reference frame)

the part of LC belonging to S* (A >0) is locally repelling
(divergence of nearby trajectories wrt fixed reference frame)

exploit the decomposition to construct a symbolic cycle
(called A-cycle) enclosing LC

26



Proof of existence and structure of LCs [J. Jerray 2019]

e Construction of A-cycle
1. Select two balls W and Z of S~ intersecting with LC

2. prove reachability from W to Z inside S~ (A <0)
via Euler method (with time-invariant error bound 6 )

3. prove reachability from Z to W in S* (A >0)
via Euler method (with exp. error bound 6* = §,eM)

- A-cycle

See example on Brusselator

27



Construction of A-cycle on Brusselator

a o
; o ® & o o

A 14 o ® © & & o & o 0
4 a e & & & & o & 9 0
,' a ® & & & & o ¢ 0+ e
a ® @ © © ° 9 ° o ° °
® & & & & & 4 0 o * e
041 @ & ® @ ® © ° o ° °* o e

0.5 10 LS 20 23

h o 4 ks "~ g A B aT™. ™ M a2

from W to Z (inside S7): use Euler with A <0 (error 5 time-insensitive = Op)

from Z to W (traverse S*): use Euler with A = 1.2 >0 (error 6 = 6y e



Remarks on the form of §;(-)

ex: DC-DC converter

0065

0.06 F

0055 F

delta(t)

o
a

0045

008 A R R " .
0 5 10 15 20 25 30
timet

A1 =—0.0142 <0

25

delta(t)

-

osr

0 2 < 6
timet

A =0.142 >0

For mode 1 (A1 < 0): optimal stepsize 7 corresponding to minimum of 4;

For mode 2 (Ap > 0): 47 always

— suggests subsampling of 7 for achieving better precision
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One-step controlled safety 5o
Given a ball BY = 8(20,60) C S, select a mode J:

xj(t;B°) €S forall t €[0,7]

It suffices to find J:
Bl = B(x1,6') C Swith %! =%x+7-£(x%) and &' =6;(7)

assuming J;(-) convex
30



Application to reaction-diffusion equations requires
space discretization of ® and finite difference scheme

ExAMPLE 2. Let us consider the 1D Brusselator PDE, as
given in [(].

1
9 _ Bu—uv+ oV (1)

{%% =A+vv— (B+1u+oVu
ot

with boundary condition:
u(0,t) =u(f,t) =1, v(0,t) = v(f,t) =3,

and initial condition yo(z) = (u(z,0),v(z,0)) with:
u(z,0) =1+ sin(27z), v(z,0) = 3.

31



ux, y.t)

Figure 9: Image of u of 2D Brusselator at t = 0.

t = 1.600000
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0.8 0.6

0.4
x 02 g0 10

Figure 10: Image of u of 2D Brusselator at ¢ = 1.6.

wr

1 Ai < 0; we also define a “reverse” form of reachability from

e

t = 4.000000

1.0
0.8 0.6

04
% 0.2 0n

Figure 11: Image of u of 2D Brusselator at ¢t = 4.

t = 7.000000

10 g8
06 o4
- 0.2 10

x 0.0

Figure 12: Image of u of 2D Brusselator at t = 7.
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Conclusion

traditionally: LC analysis done via standard rates local stability (eg p°)

here: LC analysis done with OSL A (used as a non-standard rate of
local stability)

decomposition of S into subdomains S~ (with A <0) and S* ( A >0)
easily computable (using the Jacobian of the flow vector);

— trajectory-free (or time-integration free),
— requires no knowledge of initial conditions.

once decomposition known, proof of periodic cyclicity possible:

select balls of S~ (with A <0) intersecting LC, and connect symbolically the balls via
forward Euler method = existence and structure of periodic cycle

33
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The pronounced variation of
lambda_{nn} in phase space and along
the LC are shown in Figs 4a and 4c,
where the former gives the value of
lambda_{nn} along the cycle and
illustrates the coexistence of locally
stable and unstable phases on the LC
Fig. 4b shows that the unstable phases
occur while the system transits
between the branches of the slow
manifold.

The trajectory divergence rate p® is not an
objective quantity, as a scalar quantity
does not remained unchanged under any
translation and rotation of refernce frame.

Obijectivity is not always a desirable trait.
For the example of a rotating saddle flow,
the finite-time L. exponent, which is an
objective quantity, gives no structure.

A = max, ;. eigenvalue of 7 (J +J,7)

y in

F. All ana M. Menzinger 301
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FIG. 4. Local stability of a limit cycle of the BvdP-system (17) far from
the supercntical Hopf bifurcation. ay=b,=5,=563=00, a,=6,=-10,
a2:§. and €=10. (a) A, (x,y). (b) A phase portrait of the limit cycle
showing the unstable phase (wrt perpendicular perturbations) by the dotted
line. Also shown are the x and y nullclhines. The dot on the cycle is the
reference phase ¢—=0 used in the remaining plots. (c)r (). (déh {d). (e)
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Application to
Euler's approximation X(t) of x(t)  [Le Coent2017]

>

Piecewise linear fn.:
at each step, constant derivative of %(t) (= f(X(t;)) deriv. at starting pt)

36



Notations

Let x;(t) the solution at time t of the system under mode j with (implicit)
initial point x°

x(t)

fi(x(1)),
x(0) = x".

0

Given an (approximate) initial point ¥ € S and a mode j € U,

the Euler approximate, denoted by X;(t; %Y%), is defined by:

%(6;8°) =22+ t-£(%°), with t €[0,7]

We are going to determine an upper bound ¢;(t) to

errorj(t) = [Ix;(t:x°) — % (£:2°)].

assuming error;(0) = ||x° — 29| < 4° for some ¢ € R,..
37



In spite of a fixed reference frame (vs. ~moving’’reference frame (tangent and
normal to the trajectory ) as in rho”{.})

No wrapping effect in the rotation example

X—le
- \-1 0

constants: A=0, C =42, [ =1
initial error: 69 = 0.1
stepsize: 7 = 0.005

05

' i 1
-15 -1 05 0 0.5 1 1.5
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Wra pping effect6with Interval Arithmetic method using fixed reference frame

X—OIX'XEI
~\-1 0)7 9050

cos(t) sin(t)
—sin(t) cos(t)

A simple rotation:

The solution is x(t) = ( ) Xp, Where xg € Iy

-
S lo can be viewed as a parallelepiped.
N At each step, the parallelepiped is rotated
| and has to be wrapped by another one.
B VZN At t = 27, the blow up factor is by a factor
</.L. \> N e?™ ~~ 535, as the stepsize tends to zero.
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Basic result: local error 0;(t) using A,

Theorem
Given a system satisfying (H0-H1), an approximate initial pt X°, a positive
real 6° and j € U, we have:

For all initial point x° € B(%°,4Y),

x;(t; x°) € B(%;(t; %°),0;(t)) forall t € [0,7].

with

o sy — (o2t L G2, 2 2 A;
llf)\J<0.Oj(t)—((c))ejt—l—ng(t —I—)\—Jt_-l-?(l—ejt)))

1
2

1
2

mif )\ =0:0(t) = ((50)2ef + CG(—t% — 2t + 2(e" - 1)))
O If)\j > 0:

1
2

) ) _ C2 .
Oj(t) _ ((60)263>\Jt 4 3)\_1}2 (—t2 . 32); 4 9)22 (e3Ajt . 1)))
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The Quest for Invariant manifolds [Wikipedia]

e determination of the upper bound for the number of limit cycles (LC)
in 2D polynomial ODEs of d° n and investigation of their relative
positions.

e LC: closed trajectory in phase s acAéStqi?le'Pevag)tng\reng?f Idt'SaOene tor
J yinp P h|c neargy raject. stay cro e?ort

spirals intoitast -> teo

e Today: no upper bound known for the number of LC for
anyn>1

 [NNR19]: Local stability rates can be used to find highly attracting or
repelling invariant manifolds, such as slow manifolds (which exhibit a
separation of time scales), to rapidly approximate hyperbolic
Lagrangian coherent structures, or to provide the local stability of
invariant manifolds.

A stable invariant manifold is one for

which nearby traject. stay close for t-> oo "



